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WEAK DISPERSIVE ESTIMATES FOR FRACTIONAL
AHARONOV-BOHM-SCHRO¨DINGER GROUPS
F. CACCIAFESTA AND L. FANELLI
Abstract. We prove local smoothing, local energy decay and weighted
Strichartz inequalities for fractional Schro¨dinger equations with a Aharonov-
Bohm magnetic field in 2D. Explicit representations of the flows in terms
of spherical expansions of the Hamiltonians are involved in the study.
An improvement of the free estimate is proved, when the total flux of
the magnetic field through the unit sphere is not an integer.
1. Introduction
Given α ∈ R, consider the vector field (Aharonov-Bohm)
AB : R
2 \ {(0, 0)} → R2, AB(x) =
(
− x2|x|2 ,
x1
|x|2
)
, x = (x1, x2)
and the following quadratic form on L2(R2)
qα : D(qα)→ [0,+∞), qα[ψ] :=
∫
|(−i∇+AB)ψ|2 dx,
where the domain D(qα) is the completion of C∞c (R2 \ {0}) with respect
to the norm induced by qα. Since qα is positive and symmetric, by the
Friedrichs’ Extension Theorem we can define the self-adjoint Hamiltonian
(1.1) H =
(
−i∇+ α
(
− x2|x|2 ,
x1
|x|2
))2
,
with its natural form domain, which coincides with the operator at the right-
hand side of (1.1) on C∞c (R2 \ {0}). By Spectral Theorem, we can hence
perform functional calculus on H and define f(H), being f : R → R any
Borel-measurable function. In particular, we consider the positive powers
Ha/2, a > 0 and their associated Schro¨dinger flows S(t) := eitH
a/2
. The
unitary (on L2) group S(t) uniquely defines the solution u(t, ·) := eitHa/2f(·)
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to the Cauchy problem
(1.2)
{
∂tu = iH
a/2u
u(0, ·) = f(·) ∈ L2(R2).
We will refer to (1.2) as the fractional Schro¨dinger equation with Aharonov-
Bohmmagnetic potential AB . Notice that, when a = 2, (1.2) is a Schro¨dinger
equation with a magnetic potential AB . On the other hand, when a = 1,
the flow u(t, ·) = eitH1/2f(·) has a clear connection with the solution of the
following wave equation 

∂2t v +Hv = 0
v(0, ·) = g(·),
∂tv(t, ·) = h(·)
which is given by the formula
v(t, ·) = cos
(
tH
1
2
)
g(·)+
sin
(
tH
1
2
)
H
1
2
h(·) = ℜ
(
eitH
1/2
)
g(·)+
ℑ
(
eitH
1/2
)
H
1
2
h(·).
Throughout this manuscript, we will refer to the case α = 0 as the free case.
We remark that, as soon as α ∈ Z, Hα is unitarily equivalent to the free
Hamiltonian −∆ (see e.g. [21] and references therein). For this reason, from
now on we will restrict to the case α ∈ [0, 1). Among the many interesting
features which the flow eitH
a
enjoys, we first mention the invariance of equa-
tion (1.2) under the scaling (t, x) 7→ (λ−at, λ−1x): for this reason, we can
look at equation (1.2) as a critical (linear) perturbation of the free dispersive
model. In recent years, critical perturbations of dispersive PDE’s received
a lot of interest, essentially motivated by the study of nonlinear models.
The dispersive phenomenon can be quantified in several different ways in
terms of a priori estimates for solutions. Time decay of Lp-norms has been
recently studied and proved, for equation (1.2) with a = 2 in [10] and then
generalized to a larger family of critical potentials in [11, 12, 13, 17, 19]. As
a consequence, Strichartz estimates can be obtained for (1.2) (with a = 2)
from the L1 − L∞ decay, by applying the standard Ginibre-Velo and Keel-
Tao methods in [16, 18]. Nevertheless, neither sharp time decay estimates
nor Strichartz estimates for (1.2) are known, at the best of our knowledge,
when a 6= 2. On the other hand, Strichartz estimates can be proved for
critical 0-order perturbations of the free Schro¨dinger Hamiltonian without
using the time decay, as shown in [4, 5], which are the crucial references
of this manuscript. It is quite surprising that, in this case, perturbation
techniques do hold. The strategy in [4, 5] relies on a TT ⋆-argument and a
suitable mix of free Strichartz and local smoothing estimates a´ la Morawetz.
It is easy to check that the argument fails in presence of a critical first-order
potential as in (1.2).
The aim of this paper is to prove local smoothing and local energy decay
for solutions to (1.2), in the same style as in [4]. Before stating our main
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results, we briefly sketch a spectral picture of H and introduce some nota-
tions (for more details we refer to [1, 21]). It is well known that H is exactly
solvable: its spectrum is purely absolutely continuous and coincides with the
positive real axis, i.e. σ(H) = σac(H) = [0,+∞). Throughout the paper, we
will always use the canonical decomposition of L2(R2) in spherical harmon-
ics. More precisely, given the complete orthonormal set on L2(S2) {φm}m∈Z,
with φm = φm(θ) =
eimθ√
2π
, θ ∈ [0, 2pi), one has the canonical isomorphism
(1.3) L2(R2) ∼=
⊕
m∈Z
L2(R+, rdr)⊗ [φm]
where we are denoting with [φm] the one dimensional space spanned by φm
and with ‖f‖2
L2rdr
=
∫∞
0 |f(r)|2rdr. In this representation, the operator H
is equal to [7, Sec. 2]
(1.4) H =
⊕
m∈Z
Hα,m ⊗ 1
with
Hα,m = − d
2
dr2
− 1
r
d
dr
+
(m+ α)2
r2
.
Therefore, the eigenvalue problem for H leads to the Bessel equation, which
can be solved after imposing boundary conditions, to obtain the generalized
eigenfunctions
Ψα(r, φ, k, θ) =
+∞∑
m=−∞
i|m|eim(φ−θ)ei(π/2)(|m|−|m+α|)J|m+α|(kr).
We can now state the main result of this manuscript.
Theorem 1.1. Let a > 0, α ∈ R and ε ∈ (0, 14 + 12dist(α,Z)). Then for
every f ∈ L2 the following estimate holds
(1.5) ‖|x|− 12−2εH a−14 −εeitHa/2f‖L2tL2x ≤ C‖f‖L2
with a constant C depending on α, d and ε.
In addition, in the endpoint case ε = 0 the following local estimate holds
(1.6) sup
R>0
R−1/2‖eitHa/2f‖L2tL2|x|≥R ≤ C‖H
1−a
4 f‖L2x .
Remark 1.1. Estimate (1.5) is false, also in the free case, for ε = 0. On the
other hand, it is interesting to notice that (1.5) fails for α ∈ Z and ε = 14 ,
in 2D. Indeed, the dimension d = 2 is critical with respect to estimate
(1.5), with ε = 14 , due to the fact that the weight |x|−1 is too singular at
the origin. Nevertheless, the presence of the field AB , as it is well known,
generically improves the angular ellipticity of H, if α /∈ Z, and this usually
permits to obtain better estimates than in the free case, as (1.5) shows.
This phenomenon also appears for variational inequalities (see [20]), and for
weighted dispersive estimates (see [12, 13, 17, 19]). Roughly speaking, the
higher the spherical frequency is, the better is the dispersive phenomenon
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we are measuring, as it will be clear in the sequel. The improvement arises
since the introduction of the external potential is cutting the 0-frequency
from the spectrum of the spherical operator. We finally remark that (1.5)
holds with ε = 14 , in dimensions larger or equal to 3 (see [3, 4]).
Remark 1.2. A frequency-dependent version of estimate (1.5) is inequality
(2.3) below. Indeed, we see that, after the decomposition (1.4), the restricted
operator Hα,m satisfies (1.5) in the range ε ∈
(
0, 14 +
1
2 |m+ α|
)
. Roughky
speaking, the worst frequencies for (1.5) are the (at most) two closest integers
to α (which in the free case coincide with the zero-frequency, as observed in
[4, 5] first).
Remark 1.3. We stress that inequalities (1.5) and (1.6) are the only disper-
sive estimates which are available for (1.2), in the case a 6= 2. Although we
are still not able to use them to prove stronger dispersive inequalities, as
Strichartz, they still represent a tool of independent interest. We also remark
that the multiplier techniques of Morawetz type to prove local smoothing
also fail in this case, since they usually requires the space dimension to be
larger or equal to 3 (see e.g. [2, 9, 14]). An analogous result has been
recently proved for the Dirac equation with a Coulomb potential in [6].
Remark 1.4. Theorem 1.1 should be compared with Theorem 1.5 in [15], in
which the analogous estimates are proved for the the free flows (namely the
case α = 0 in (1.2)). It should be noticed that in the free case an additional
gain of angular derivative is shown; in fact, the same gain is expected to hold
in our magnetic case as well, and this is suggested by the fact the constant
defined in (2.9) seems to allow some additional power of ν, and it will be
subject of further investigation.
Remark 1.5. One may wonder if the distorted derivatives H(1−a)/4 can be
replaced by the usual derivatives |D|(1−a)/4, both in estimate (1.5) and (1.6).
In dimension d = 2 the usual Sobolev space H1(R2) is strictly bigger than
the one generated by H, so that the answer is quite likely negative.
As a corollary, we can extend estimate (1.5) to the Klein-Gordon flow
eit
√
Ha+1.
Corollary 1.2. Let a > 0, α ∈ R and ε ∈ (0, 14 + 12dist(α,Z)). Then for
every f ∈ L2 the following estimate holds
(1.7) ‖|x|− 12−2εH a−14 −εeit
√
H
a
2 +1‖L2tL2x ≤ C‖(H
a
2 + 1)
1
4 f‖L2
with a constant C depending on α, d and ε.
The proof immediately follows by Theorem 1.1 and Theorem 2.4 in [8]),
and we omit further details.
We conclude with a final application of Theorem 1.1. Although we are
still not able to prove Strichartz estimates for eitH
a/2
, it is still possible to
prove some weighted version of them. In the following, we use the polar
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coordinates x = rω, r ≥ 0, ω ∈ S1, and given a measurable function F =
F (t, x) : R× R2 → C we denote by
‖F‖LqtLqrdrL2ω :=
∫ +∞
−∞
(
r
∫ +∞
0
(∫
S1
|F (t, r, ω)|2 dσ
)q
dr
)
dt,
being dσ the surface measure on the sphere.
Corollary 1.3. Let a > 0, α ∈ R, ε ∈ (0, 14 + 12dist(α,Z)) and q ∈ [2,∞].
Then for every f ∈ L2 the following estimate hold
(1.8) ‖r− 12−2εeitHa/2f‖LqtLqrdrL2ω ≤ C‖H
1
4
+ε− a
2qΛ
1−b
2
+ b−1
r
ω f‖L2 ,
for some C > 0, where Λω =
√
1−∆ω and ∆ω is the Laplace-Beltrami
operator on S1 (we have introduced the polar coordinates x = rω).
The proof immediately follows by interpolation between estimate (1.5)
and the 2D Sobolev inequality
sup
r>0
r
1−4ε
2 ‖f(rω)‖L2ω ≤ C‖|D|
1
2
+2εΛ−2εω f‖L2x ≤ C‖|H|
1
4
+εΛ−2εω f‖L2x ,
for ε ∈ (0, 14 + α2 ) together with the usual diamagnetic inequality.
The rest of the paper is devoted to the proof of Theorem 1.1.
2. Proof of Theorem (1.1)
Our proof follows closely the one of Theorems 1,2 in [4]. In view of the
decomposition (1.4), it is sufficient to obtain a suitable bound, uniform in
m, for the projection Hα,m. Let us fix m ∈ Z and denote by
Aν := Hα,m = − d
2
dr2
− 1
r
d
dr
+
ν2
r2
where ν = |m + α| > 0, which is a self-adjoint operator on the natural
domain, for the same reasons as above (see [21]).
Let us now introduce the standard Hankel transform of order ν > 0 as
(Hνφ)(ξ) =
∫ ∞
0
Jν(r|ξ|)φ(rξ/|ξ|)r dr.
The following properties are satisfied:
(1) H2ν =Id;
(2) Hν is self adjoint;
(3) Hν is an L2 isometry;
(4) HνAν = |ξ|2Hν .
For the proof of (1)-(2)-(3), see [22]. The proof of (4) relies on the fact
that the Bessel functions Jν(r|ξ|) are (generalized) eigenfunctions for the
restricted operator Aν . Indeed, given f(x) = ψ(r)φm(θ) ∈ L2(R+, rdr) ⊗
[φm], with φm(θ) = (2pi)
− 1
2 eimθ, the eigenvalue equation for Aν reads(
− d
2
dr2
− 1
r
d
dr
+
(m+ α)2
r2
)
ψ(r) = |ξ|2ψ(r),
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and after the substitution r → |ξ|r, we obtain the Bessel equation. As a
consequence, we have (〈, ·, ·〉 denotes the standard L2 product)
Hν(Aνφ) = 〈Jν(r|ξ|), Aνφ(r)〉 = 〈AνJν(r|ξ|), φ〉
= |ξ|〈Jν(r|ξ|), φ〉
as Aν is selfadjoint, and this proves (4). Therefore, by (1)—(4) we can write
the fractional powers of Aν as
(2.1) Aσ/2ν = Hν |ξ|σHν ,
or better as the following integral operators
Aσ/2ν φ(r, θ) =
∫ ∞
0
kσν,νφ(s, θ)s ds.
Here the kernel kν,ν is explicitly given by
(2.2)
kσν,ν(r, s) =


2σ+1Γ(ν + σ2 + 1)
Γ(−σ2 )Γ(ν + 1)
sν
rσ+ν+2
F (ν +
σ
2
+ 1,
σ
2
+ 1; ν + 1;
s2
r2
) if s < r;
2σ+1Γ(ν + σ2 + 1)
Γ(−σ2 )Γ(ν + 1)
rν
sσ+ν+2
F (ν +
σ
2
+ 1,
σ
2
+ 1; ν + 1;
r2
s2
) if r < s
(see [22] for details).
We are now ready to prove Theorem 1.1. We claim that the following
restricted version of estimate (1.5) holds
(2.3) ‖|x|− 12−2εA
a−1
4
−ε
ν Sνf‖L2tL2rdr ≤ C‖f‖L2rdr ,
with a constant C > 0 independent on ν (hence on m) where Sνf = e
itA
a/2
ν f
is the unique solution of the initial value problem{
i∂tu+A
a/2
ν u = 0
u(0, x) = f(x).
By (2.1) and the fact that Hν is an isometry on L2(R+; rdr), we can write
‖|x|− 12−2εA
a−1
4
−ε
ν Sνf‖L2tL2rdr = ‖Hν |x|
− 1
2
−2εHνHνA
a−1
4
−ε
ν HνHνSνf‖L2tL2rdr
(2.4)
= ‖A−
1
4
−ε
ν |ξ|
a−1
2
−2εHνSνf‖L2tL2rdr .
As a consequence, by (2.4), the claim (2.3) is equivalent to the following
(2.5) I := ‖A−
1
4
−ε
ν |ξ|a−12 −2εHνSνf‖L2tL2rdr ≤ C‖Hνf‖L2rdr = C‖f‖L2rdr ,
for some constant C > 0 independent on ν. The advantage is that HνSνf
solves a much simpler system that is, due to (2.1),
(2.6)
{
i∂tHνSνf + |ξ|aHνSνf = 0
HνSνf(0, ξ) = Hνf(ξ)
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which can be solved as
HνSνf(t, ξ) = eit|ξ|a(Hνf)(ξ).
Taking the time-Fourier transform and commuting, we see that
(Ft→τHνSνf)(τ, ξ) = (Hνf)(ξ)δ(τ − |ξ|a).
Then we obtain, by Plancherel, that
I =
∥∥∥∥
∫ ∞
0
k−1/2−2εν,ν (|ξ|, s)δ(τ − sa)Hνf(sξ/|ξ)s1+
a−1
2
−2ε ds
∥∥∥∥
L2τL
2
ξ
=
∥∥∥∥12τ 1a (1+ a−12 −2ε)+ 1−aa k−1/2−2εν,ν (|ξ|, τ1/a)(Hνf)(τ1/aξ/|ξ|)
∥∥∥∥
L2τL
2
ξ
.
Using polar coordinates in space and the change of variable ω = τ1/a, we
hence get
I =
∫ ∞
0
∫ ∞
0
∫
S1
ω−4ε+2(k−1/2−2εν,ν )(ρ, ω))
2|(Hνf)(ωθ)|2dθρ dρdω.
As now
A−1/2−2εν = A
−1/4−ε
ν A
−1/4−ε
ν
we have
k−1−4εν,ν (r, t) =
∫ ∞
0
k−1/2−2εν,ν (r, s)k
−1/2−2ε
ν,ν (s, t) sds
and using this fact with the choice r = t = ω and s = ρ we can write again
(2.7) I =
1
2
∫ ∞
0
∫
S1
ω−4ε+2k−1−4εν,ν (ω, ω)|(Hνf)(ωθ)|2dθdω.
By (2.2) (more precisely, the values of kν,ν the diagonal s = r, that cor-
respond to the values of a Gauss hypergeometric function in z = 1) we
obtain
I = ‖A−
1
4
−ε
ν |ξ|a−12 −2εHνSνf‖L2tL2rdr = C
2
ν,ε
∫ ∞
0
∫
S1
|(Hνf)(ωθ)|2ω dωdθ
(2.8)
= C2ν,ε ‖Hνf‖L2(rdr) = C2ν,ε ‖f‖L2(rdr) ,
being the constant Cν,ε given by
(2.9) Cν,ε = 2
1/2−2ε
√
pi
Γ(ν − 2ε+ 1/2)Γ(4ε)
Γ(ν + 2ε+ 1/2)Γ(2ε + 1/2)2
.
By (2.4), to complete the proof of the claim (2.3) we just need to check
that C is bounded with respect to the parameter m (or equivalently ν). To
this aim, we notice that Cν,ε is finite, provided 0 < ε < 1/4 +
ν
2 and it is
a decreasing function of ν. This completes the proof of (2.3). The proof of
(1.5) now easily follows by (2.3), thanks to (1.3) and the L2-orthogonality
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of the system {φm}m∈Z, together with the fact that the weight |x|− 12−2ε is
radial and that
min
m∈Z
ν = min
m∈Z
|m+ α| = dist(α,Z),
We now turn to the proof of (1.6), which requires a slight modifica-
tion of the above approach. By means of (1.3), write f ∈ L2(R2) as
f =
∑
m∈Z fm(r, θ), with fm(r, θ) = ψm(r)φm(θ), ψm ∈ L2(R+; rdr). Set-
ting ξ = |ξ|ω, and using the change of variables |ξ|a = s, we have, due to
(2.6),
eitH
a/2
fm = Hν [eit|ξ|aHνfm]
= C
∫
S1
∫ +∞
0
eit|ξ|
a
Jν(r|ξ|)Hνfm(|ξ|ω)|ξ| d|ξ| dσ(ω)
= C
∫
S1
∫ +∞
0
eitsJν(rs
1
a )Hνfm(s
1
aω)s
2
a
−1 ds dσ(ω)
= CFs→t
{
Jν(rs
1
a )Hνfm(s
1
aω)s
2
a
−1χR+
}
,
with C > 0 independent on m and f , being Fs→t the Fourier transform in
the s-variable. We now take the L2tL
2
|x|≤R norm and apply Plancherel, to
get
‖eitHafm‖2L2tL2|x|≤R = C
∥∥∥Fs→t {Jν(rs 1a )Hνfm(s 1aω)s 2a−1χR+}∥∥∥2
L2tL
2
rdr(0,R)
(2.10)
= C
∥∥∥Jν(rs 1a )Hνfm(s 1aω)s 2a−1χR+∥∥∥2
L2sL
2
rdr(0,R)
= C
∫
S1
∫ +∞
0
(∫ R
0
Jν(rs
1
a )2rdr
)
|Hνfm(s
1
aω)|2s2( 2a−1)dsdσ(ω)
= C
∫
S1
∫ +∞
0
(∫ R
0
Jν(r|ξ|)2rdr
)
|Hνfm(|ξ|ω)|2|ξ|1+2−ad|ξ|dσ(ω).
We now notice that, for every R > 0,
(2.11)
∫ R
0
Jν(r|ξ|)2rdr ≤ CR|ξ|
for some constant C > 0 independent on ν (see [23, pag. 63]). As a conse-
quence, by (2.10) we obtain
‖|eitHafm‖2L2tL2|x|≤R ≤ CR
∫
S1
∫ +∞
0
|Hνfm(|ξ|ω)|2|ξ|1+(1−a)d|ξ|d(2.12)
= CR‖A
1−a
4
ν fm‖L2 ,
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with a constant C > 0 independent on ν. Estimate (1.6) now easily follows
by (2.12) and the decomposition f =
∑
m∈Z fm =
∑
m∈Z ψm(r)φm(θ), to-
gether with the L2-orthogonality of the set φm. The proof of Theorem 1.1
is now complete.
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